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Estimating LD from data 78 In the Methods, we present an approach to compute unbiased estimators for a broad set of two-locus statistics, 79 for either phased or unphased data. This includes commonly used statistics, such as D and D 2 , the additional 80 statistics in the Hill-Robertson system (D(1 − 2p)(1 − 2q) and p(1 − p)q(1 − q), which we denote Dz and π 2 , 81 respectively), and, in general, any statistic that can be expressed as a polynomial in haplotype frequencies 82 (f 's) or in terms of p, q, and D. We use this same approach to find unbiased estimators for cross-population
83
LD statistics, which were recently used to infer multi-population demographic history (Ragsdale and Gravel,
.
85
We use our estimators for D 2 and π 2 to propose an estimator for r 2 from unphased data, which we denote To explore the performance of this estimator, we first simulated varying diploid sample sizes with direct Figure S2 ).
94
Second, we simulated 1 Mb segments of chromosomes under steady state demography (using msprime (Kelle-95 her et al., 2016)) to estimate r 2 decay curves using both approaches. Our estimator was invariant to phasing 96 and displayed the proper decay properties in the large recombination distance limit ( Figure 2A Figure 2A for N e =10,000 with sample size n = 50 and N e = 500 with sample size n = 10. B: Using σ 2 D estimated from these same simulations and rearranging Equation 3 provides an estimate for N e for each recombination bin. The larger variance for N e = 500 is due to the small sample size leading to noise in estimated σ Estimating N e from LD between unlinked loci
105
Observed linkage disequilibrium between unlinked markers is widely used to estimate the effective population since LD between unlinked loci is expected to decay rapidly over just a handful of generations. Analytic
109
solutions for E[r 2 ] are unavailable, although a classical result uses a ratio of expectations to approximate
for a randomly mating population, where c is the per generation recombination probability between two loci 
Waples showed thatr 
This approximation is accurate for small mutation and recombination rates and for both large and small for c 1.
135
Comparison of methods for estimating N e using simulated data A B Figure 4 : Performance of N e estimation on simulated data. We used fwdpy11 (Thornton, 2014) to simulate genotype data for the given sample sizes and N e = 100 (see Methods for details). Although estimates of N e using (A) σ 2 D had slightly larger variances than estimates using (B) Eqs. 1 and 2 (computed using NeEstimator (Do et al., 2014)), estimates from σ 2 D were unbiased when using all data and less biased when filtering by minor allele frequency, resulting in lower MSE (Table S1 ).
We simulated data with effective population sizes N e = 100 and 400 using fwdpy11 (Thornton, 2014) (Figure S5A-B) . σ Dz is robust to inbreeding, with expected value near zero even for 147 large selfing rates ( Figure S5C ). While σ Dz cannot be used to provide an estimate for N e (as its expectation 148 is zero), it could instead be used to distinguish between different violations of model assumptions: if we 149 also measure σ Dz to be significantly elevated above zero, it might suggest population structure or recent 150 migration into the focal population (Ragsdale and Gravel, 2019).
151
The effective population sizes of island foxes (Tables 1 and S2) . Perhaps most notably, the San Nicolas Island 164 population, which was previously inferred to have the extremely small effective size ofN e ≈ 2, was inferred 165 to haveN e ≈ 14. While this is still quite small, it is more similar to the effective sizes inferred in other 166 island fox populations.
167
We also estimated σ Dz for each population and found that it was consistently and significantly elevated 168 above zero in each population (Table S2 ). This suggests that some model assumptions are not being met.
169
From simulated data, neither inbreeding nor filtering by minor allele frequency should result in elevated 
For large enough sample sizes, this error will be practically negligible, but for small to moderate sample 186 sizes, the estimates will be upwardly biased, sometimes drastically (Figures 1 and 2 ).
187
An alternative approach is to estimate D 2 and π 2 and compute their ratio for each pair of loci. Given . It is still a biased estimator for r 2 , however, since
Even if we were given an adequate estimator for r 2 , obtaining theoretical predictions for its value is very 
193
One approach to handle the finite sample bias is to work directly with the finite-sample correlation, i.e., the 194 expected r 2 due to both population-level LD and LD induced by sampling with sample size n. frequencies from a finite sample: e.g. p = n A /n, f AB = n AB /n, π = 2 p(1 − p), etc. Hats represent unbiased 224 estimates of quantities: e.g. π = n n−1 π. f 's denote haplotype frequencies in the population, while g's denote 225 genotype frequencies (Table 2) .
226
Estimating statistics from phased data
227
Suppose that we observe haplotype counts (n AB , n Ab , n aB , n ab ), with n j = n, for a given pair of loci.
228
Estimating LD in this case is straightforward. An unbiased estimator for D is
We interpret D = f AB f ab − f Ab f aB as the probability of drawing two chromosomes from the population 230 and observing haplotype AB in the first sample and ab in the second, minus the probability of observing Ab 231 followed by aB. This intuition leads us to the same estimator D:
In this same way we can find an unbiased estimator for any two-locus statistic that can be expressed as a 
with each term being interpreted as the probability of sampling the given ordered haplotype configuration (g 1 , . . . , g 9 ). We will then use these expressions to derive 244 unbiased estimates in terms of the finite population sample genotype counts (n 1 , . . . , n 9 ). Expressions for p 245 and q in terms of genotype frequencies can be read directly from Table 2 :
To obtain an estimate for D = f AB f ab − f Ab f aB , we would like to 247 have expressions for haplotype frequencies such as f AB in terms of the g i .
248
We can write a naive estimate for f AB by reading from Table 2 and simply assuming that the double het-249 erozygote genotype g 5 = 2f AB f ab +2f Ab f aB had equal probability of the two possible phasing configurations:
The correct expression for f AB would replace g5 4 by the probability of the correct haplotype configuration,
251
f AB f ab . This probability can be expressed as f AB f ab = g5+2D 4
, so that
We can obtain similar expressions for all the f ·· and substitute in the expression for D to write
This expression for D is equal to Burrows' "composite" covariance measure of LD,
as given in Weir (1979) and Weir (1996), page 126.
256
Given this expression for D, as well as p = x AB + x Ab and q = x AB + x aB , we can express higher-order 257 moments as function of genotype frequencies. The Hill-Robertson statistics can be written as polynomials 258 in the naive estimates
The next step is to obtain estimates from finite samples. Any statistic S written as a polynomial in 260 (x AB , x Ab , x aB , x ab ) can be expanded as a monomial series in genotype frequencies g j , j = 1, . . . , 9:
Each term of the form a i g j,i kj,i can be interpreted as the probability of drawing k = k j diploid samples,
262
and observing the ordered configuration of k 1 of type g 1 , k 2 of type g 2 , and so on. Then, from a diploid Summing over all terms gives us an unbiased estimator for S:
We can use this approach to derive an unbiased estimator for D,
which simplifies to the known Burrows (1979) estimator, of "genomic length" 1 with total recombination rate Lc, separated with a binomial point probability of 0.5.
278
The total mutation rate was then mLu, where u is the per-base mutation rate. fwdpy11 allows the user to 279 define any selfing probability between 0 and 1.
280
For a given sample size of n diploids, we sampled from the N e simulated individuals without replacement and 281 assumed data from diploids was unphased. statistics Dz = D(1 − 2p)(1 − 2q) and π 2 = p(1 − p)q(1 − q):
(n AB + n Ab )(n aB + n ab )(n AB + n aB )(n Ab + n ab )
− n AB n ab (n AB + n ab + 3n Ab + 3n aB − 1) − n Ab n aB (n Ab + n aB + 3n AB + 3n ab − 1) .
Multiple populations
414
We recently presented an extension to the Hill-Robertson system for D 2 to compute expected two-locus 415 statistics across multiple populations, which can be computed rapidly for many related populations with 416 complex demography (Ragsdale and Gravel, 2019). The natural multi-population extension to the Hill-
417
Robertson system (D 2 , Dz, π 2 ) is on the basis,
where 1 ≤ i, j, k, l ≤ P index populations, z jk = (1 − 2p j )(1 − 2q k ), and
In order to perform inference using these statistics, we estimate them from data and then compare them to 420 their computed expectations. We therefore seek unbiased estimators for each of these statistics from pairs 421 of variable loci across the genome, for either phased or unphased data.
422
Our approach here is directly analogous to that for computing unbiased estimates of single-population 423 statistics given above, with an additional index over each population. For phased data, we suppose we 424 sample n i haplotypes from population i (1 ≤ i ≤ P ), and from each population we observed haplotype 425 counts (n i1 , n i2 , n i3 , n i4 ), j n ij = n i . For any statistic S as a function of f ij 's, we expand its expectation 426 into a series of monomials, with each term taking the form
Each term has the interpretation as the probability that we sample j k ij haplotypes from each population,
428
and observe the ordered configuration of k ij of type j in population i.
429
From our sampled haplotypes, an unbiased estimator for each term is We then sum over each term to obtain our unbiased estimator S.
431
For example, the covariance of D between populations i and j (i = j) is given by 
For unphased data, we take the exact same approach, but use genotype frequencies g ij instead of haplotype 434 frequencies (Table 2) , and use the "composite" haplotype frequency estimates in each population x ij , 1 ≤ 435 j ≤ 4, as we defined above in the single population case.
436
Expected statistics on genotype data can be expanded as before as a series of monomials in g ij , with each 437 term taking the form
diploids from each population. Then, just as before, if we sample n i diploids from each population i, with 440 genotype sampling configurations (n i1 , . . . , n i9 ), an unbiased estimator for any given term is
We then sum over terms and simplify to find an unbiased estimator for S.
442
Expected LD between unlinked loci 
be thought of as drawing a particular ordered sampling of haplotypes. For example, the first term is the 454 probability of drawing two samples that are each AB followed by two samples that are ab.
455
The Hill-Robertson equations describe sampling with replacement, but the haplotypes observed in a sequenc- 
All together, writing
where y H-R denote the unadjusted expectations.
From this, we can compute σ sampling without replacement, which gives
A Mathematica notebook with these calculations is provided as supplementary material.
Here, we will approximate σ 2 D for unlinked loci through an argument based on the probability that two sam-470 pled haplotypes are IBD through a recent common ancestor. This approach will rely on a few assumptions.
471
First consider E[
Again, the terms can be thought of as ordered sampling probabilities within a sample (without replacement)
473
of four haplotypes from the population.
474
If none of the four sampled lineages share a recent common ancestor, we can assume that recombination will We start with the term in brackets: since the two loci are unlinked, we can assume that population-wide 489 haplotype frequencies are equal to the product of the allele frequencies of the two alleles at the two loci (e.g.
. Then, since the three non-IBD haplotypes are inherited independently,
Next, we ask what is the probability that two lineages share a common ancestor some time t in the past. In the 492 haploid model, there is no memory of diploid pairings for parents, so that gametes are drawn independently Finally, we compute the probability that both loci were inherited IBD, given that two lineages shared a 498 genealogical ancestor t generations ago. In a single generation, there is a 1/4 chance that both loci are 499 inherited from the same parental gamete. Thus, the probability that two lineages are IBD from a common 500 ancestor t generations ago is 501 P (IBD | shared ancestor t gen. ago) = 1 4 2t .
We take this all together, summing over generations, to find between this model and the haploid model from the previous section is that while parents are randomly drawn
508
(from N total individuals), parents have fixed gametic states. This changes the calculation of the probability 509 of sharing a genealogical ancestor, as we now draw two diploid individuals instead of four independent haploid 510 gametes to generate offspring. It also changes the probability of sharing two unlinked loci IBD. we first compute the probability of sharing a common ancestor t generations ago, and then compute the 513 probability of inheriting a pair of unlinked loci IBD from that common ancestor.
514
First, each sampled haplotype has 2 t−1 ancestors, so any two given samples share a common ancestor in the 515 recent past with probability 2 , so that the 517 probability of being IBD at the two loci from a common ancestor t generations ago is 1 2 4t−2 .
518
Combining terms gives us
Monogamy
521
The model for monogamy is similar to the randomly mating diploid inheritance model in the previous section.
522
Parental pairs are fixed, so siblings always share both parents, and the probability of two randomly drawn N . The probability of being
524
IBD at both loci, given that two (t-grand)parents were shared t generations ago, is a common ancestor and inherit loci IBD from those share common ancestors.
537
Consider the case that two lineages share a recent common ancestor from which both loci are inherited IBD.
538
In this case, we can think of all the ways that drawing three lineages and then copying one of them IBD 539 creates the configurations in Equation S3. We assume the three initially drawn lineages do not share a recent 540 common ancestor, so that the left and right loci are inherited independently (again, we ignore higher order 541 terms arising from more than two lineages sharing recent common ancestors). Explicitly writing out this 542 term (and for the moment dropping the probability of pairs of lineages sharing haplotypes IBD), we have
Thus, there is no contribution to E[Dz] from the case of exactly two lineages sharing a recent common n 2 with diploid sample size n. These were computed from one million replicates sampled with the given sample size from known haplotype frequencies. Figure S4 : Estimating N e from unlinked loci, simulated with N e = 400. We used fwdpy11 to simulate 10 20Mb chromosomes, with mutation rate u = 5 × 10 −8 , recombination rate 2 × 10 −7 , and N e = 400 (we simulated 200 replicates). From each simulation we sampled 16, 32, and 64 diploids (unphased), and estimated N e using (left) σ 2 D as described here, and (right) NeEstimator with minor allele frequency cutoffs 0.1, 0.05, and 0 (i.e., all SNPs). For each method, variance ofN e decreased as sample size increased, but NeEstimator was biased even for large sample size, with the direction of the bias depending on the chosen MAF. Figure S5 : The effect of inbreeding on LD and N e estimation between unlinked loci. To explore the effects of inbreeding on estimates of σ 2 D (and thusN e ) and σ Dz , we used fwdpy11 to simulate data for two chromosomes, each of length 10 7 with mutation and recombination rates u = r = 2×10 −7 and N e = 100. To simulate inbreeding, we set the selfing probability to either 0, 0.1, or 0.25. We computed σ is slightly larger than expectation, while σ Dz is slightly negative. However, this increase to σ 2 D is not large, suggesting that using σ 2 D to estimate N e is less sensitive to filtering by MAF than using r 2 (Figure 4 ). (Figure 3 ). 200 simulations were performed using fwdpy11 (Thornton, 2014) with N e = 100, 10 chromosomes of length 10 Mb, and recombination and mutation rates r = 2 × 10 −7 . In general, using σ 2 D is slightly more variable, but has smaller MSE because it uses an unbiased estimator. 
